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Problem: Connectivity

Input f= ((x1 +1)% + (xp +4)? —1) (X%+X1X2‘|‘X%—4> ((x1 —2)2 4 (x2—2)2—1>
f = Z[Xll X -/Xn]
0,0 cQ"N{f #£0} True
Output
True

if @, ® are in a same Q
semialgebraically

connected component

of 1f # 0} © Q

False

otherwise




Motivation

* Fundamental in computational real algebraic geometry.
* Many important applications in science and engineering.
* Previous work:

1975 Collins

1983 Schwartz, Sharir

1984 Arnon, Collins, McCallum

1987 Canny

1987 Roy

1988 Arnon, McCallum

1989 Alonso, Raimondo

1992 Feng

1992 Grigor’ev, Vorobjov

1993 Hong

1994 Heintz, Roy, Solerno

1996 Basu, Pollack, Roy

2008 Hong, Quinn

2009 Safey El Din, Schost
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2. Termination: Theorem

\V/f - Z[Xl, . ,Xn]
- semialgebraic set S C IR”
codim S <n

V(c1,...,cn) €S
Vy #0 € R
f2
ST (a2t G — )2 1)

* ¢ has finitely many routing points

* all routing points of ¢ are nondegenerate
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Ve(x) =0Ag(x)#0 <= Jt#0 p(x,t) —c=0 Af(x)#0

q(x,t) =y =0

Idea

Let p=(p1,---, Pn) Sard’s Thm + Constant Rank Thm

pi(xrt) = _axif(X)t + X; —
Choose[(cl ..... cy) € R™\ {critical values of pD dimension of

S Y ”( p(x,t)—c=0 A ]

o) 2 glx,t)—y=0 A
Let EI(X,’C) — (Xl Cl) + + (XTZ Cﬂ) T 1 4 (x’ t) c ]Rn x R f(x) # 0 A S

tf(x) f 75 0 A

”r v #0

Choose@ € R\ {critical values of qD: R ‘ /

1S Zero 24
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2. Termination: Example
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Given
f ~ Z[xl,...,xn]
n > 2 d=deg(f)>1

Length = 49.18
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3. Complexity: Problem

Given
f ~ Z[Xl,. : .,Xn]

n =2 d=deg(f)=>1
(¢1,---,¢Cn) ngo
such that

f(x1,%0)°

g:(@r—ﬁy+4&—fﬁ”+n

is a routing function

Length = 49.18

d—+1

26



3. Complexity: Problem

Given
feZlxi,. .. xq]
n > 2 d=deg(f)>1
(c1,...,cn) € Z%
such that

g = f(X1/X2)2
((Xl — C1)2 + (Xz — C2)2 1 1)d—l—1

is a routing function

Find A such that
Length<A(n,d, B, c1,...,cn)

Length = 49.18

B = max|coefficients of f ‘

26
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* Bounding C(n, d)
e Calculating A using r and C(n, d)
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