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2Université Pierre et Marie Curie, 75005 Paris, France

3University of Western Ontario, London, Ontario, Canada

October 7, 2011

Presented at the SIAM Conference on Applied Algebraic Geometry (AG11) during MS18:

Algorithms in Real Algebraic Geometry and their Applications (Part II).



Problem

Input

f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output

True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input

f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output

True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output

True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output

True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2

False



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2



Problem

Input
f ∈ R[X1, . . . ,Xn]
p1, p2 ∈ Rn

Output
True

if p1, p2 are in the
same connected
component of the set
{x ∈ Rn | f (x) 6= 0}.

False

otherwise.

f (X1,X2) = X 3
1 − X 2

1 + X 2
2

-2 -1 0 1 2 3

-2

-1

0

1

2

True



Motivation

• Fundamental in computational real algebraic geometry.

• Many important applications in science and engineering.

• Previous work.

1975 Collins
1983 Schwartz, Sharir
1984 Arnon, Collins, McCallum
1987 Canny
1987 Roy
1988 Arnon, McCallum
1989 Alonso, Raimondo
1992 Feng
1992 Grigor’ev, Vorobjov
1993 Hong
1994 Heintz, Roy, Solerno
1996 Basu, Pollack, Roy
2009 Safey el Din, Schost
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1 2 3 4 5 6 7

1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
3 1 0 0 0 0 1 0
4 0 0 0 0 0 0 0
5 0 0 0 0 0 0 1
6 0 0 1 0 0 0 1
7 0 0 0 0 1 1 0
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Theorem

∀f ∈ R[X1, . . . ,Xn]
∃ semi-algebraic set S ⊂ Rn

dimSc < n
∀(c1, . . . , cn) ∈ S
∀δ 6= 0 ∈ R

g(X1, . . . ,Xn) =
f (X1, . . . ,Xn)2(

(X1 − c1)2 + · · ·+ (Xn − cn)2 + 1
)δ

has the following properties:

C = {x | g ′(x) = 0 ∧ f (x) 6= 0} is finite

and

∀x ∈ C , det g ′′(x) 6= 0.
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Proof (Sketch)

Scratchwork

• Let U(X ) = (X1 − c1)2 + · · ·+ (Xn − cn)2 + 1
• Elementary calculus

x ∈ C ⇐⇒ 2f ′(x)U(x)− δf (x)U ′(x) = 0 and f (x) 6= 0
• Rewrite system

ci = −∂i f (x) U(x)
δf (x) + xi , i = 1, . . . , n

• Equivalent condition
x ∈ C ⇐⇒ ∃t 6= 0 ci = − ∂i f (x)t + xi , i = 1, . . . , n

δ = U(x)
tf (x)

Proof

• Let p = (p1, . . . , pn)

pi = − ∂i f (X )T + Xi

• Find critical values Vp of p

• S = V c
p

• dimSc = dimVp < n

• Let y ∈ S

q = (X1−y1)2+···+(Xn−yn)2+1
Tf (X )

• Find critical values Vq,y of q

• V c
q,y = R

• dimVq,y = 0
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Routing points in the same connected component are connected by
steepest ascent paths from outgoing eigenvectors.

Suppose the claim is false.

R1 R2



Proof (Sketch)

Lemma
R1 and R2 each contain a local maximum critical point.

Suppose the claim is false.

m1

m2R1 R2



Proof (Sketch)

Lemma
g is a Morse function. (Almost always, if not we perturb.)

Suppose the claim is false.
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Proof (Sketch)

Lemma
A connected component with at least two local maxes has a
critical point s1 which is not a local max.

Suppose the claim is false.

s1

m1

m2

C1
C2

C3



Proof (Sketch)

Lemma
Every open disk surrounding s1 contains points in C1 and C2.

Suppose the claim is false.

s1

m1

m2

C1
C2

C3



Proof (Sketch)

Lemma
Hessg (s1) has an eigenvector v such that the steepest ascent path
from s1 in the direction v terminates at m2.

Suppose the claim is false.

s1

m1

m2

C1
C2

C3

v



Proof (Sketch)

Contradiction

Suppose the claim is false.

s1

m1

m2
vR1 R2



Summary

• Simple method for checking connectivity in a semi-algebraic
set.

• Based on Morse-Smale complex.

• Very fast.

• Complexity analysis is being carried out.
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