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Input

Output
True

if          ,          are  in  a  same  
semialgebraically  
connected  component  
of

False
otherwise

True

{ f 6= 0}

2

2 Qn \ { f 6= 0},

f = x

3
1 � x

2
1 + x

2
2

f 2 Q[x1, . . . , x

n

] ,  squarefree



Motivations  and  Previous  Works
• Fundamental  in  computational  real  algebraic  geometry.
• Many  important  applications  in  science  and  engineering.
• Previous  work:

    1975      Collins
    1983      SchwarO,  Sharir
    1984      Arnon,  Collins,  McCallum
    1987      Canny
    1987      Roy
    1988      Arnon,  McCallum
    1989      Alonso,  Raimondo
    1992      Feng
    1992      Grigor’ev,  Vorobjov
    1993      Hong
    1994      HeinO,  Roy,  Solerno
    1996      Basu,  Pollack,  Roy
    2008      Hong,  Quinn
    2011      Safey  El  Din,  Schost
    2012      Basu,  Roy,  Safey  El  Din,  Schost
    2013      Basu,  Roy  

3



Results

4



Results

4

1.      Method
2.      Correctness
3.      Termination



1.  Method

5



1.  Method

5

Input: f  , ,



1.  Method

5

Input: f  , ,



1.  Method

5

Input: f  , ,



1.  Method

5

Input:

1:

f  , ,

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 1
0 1 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 1 0 0 0

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 1
0 1 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 1 0 0 0

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

8: Steepest  ascent  from  

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

8: Steepest  ascent  from  

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

8: Steepest  ascent  from  

9: Read  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

8: Steepest  ascent  from  

9: Read  matrix

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

5

Input:

1:

f  , ,

2: Solverg(x) = 0 ^ g(x) 6= 0

3: Find  eigenvectors  of  (Hess  g)(x)

4: Steepest  ascent  using
outgoing  eigenvectors

5: Form  adjacency  matrix

6: Closure  of  adjacency  matrix

7: Steepest  ascent  from  

8: Steepest  ascent  from  

9: Read  matrix

Output: True

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

1 2 3 4 5 6 7
1
2
3
4
5
6
7

2

666666664

1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
1 1 1 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 1 1 1 0 0 1

3

777777775

1

2

3

4

5 6 7



1.  Method

6

DEMO



2.  Correctness

7



2.  Correctness

7



2.  Correctness

7

Theorem:



2.  Correctness

7

Theorem: Let  g  be  a  routing  function.



2.  Correctness

7

• finitely  many  routing  points
   rg(x) = 0 ^ g(x) 6= 0

Theorem: Let  g  be  a  routing  function.



2.  Correctness

7

• finitely  many  routing  points
  

• routing  points  are  nondegenerate
  

rg(x) = 0 ^ g(x) 6= 0

det(Hess g)(x) 6= 0

Theorem: Let  g  be  a  routing  function.



2.  Correctness

7

• finitely  many  routing  points
  

• routing  points  are  nondegenerate
  

•     
•   
• C2  function

rg(x) = 0 ^ g(x) 6= 0

det(Hess g)(x) 6= 0
g(x) ! 0 as kxk ! •
g(x) � 0

Theorem: Let  g  be  a  routing  function.



2.  Correctness

7

• finitely  many  routing  points
  

• routing  points  are  nondegenerate
  

•     
•   
• C2  function

rg(x) = 0 ^ g(x) 6= 0

det(Hess g)(x) 6= 0
g(x) ! 0 as kxk ! •
g(x) � 0

Example:

Theorem:

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

Let  g  be  a  routing  function.



2.  Correctness

7

• finitely  many  routing  points
  

• routing  points  are  nondegenerate
  

•     
•   
• C2  function

rg(x) = 0 ^ g(x) 6= 0

det(Hess g)(x) 6= 0
g(x) ! 0 as kxk ! •
g(x) � 0

Example:

Theorem:
Any  two  routing  points  in  the  same  connected  component
of                                
  
{g 6= 0} are  connected  by  steepest  ascent  paths

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

Let  g  be  a  routing  function.

using  outgoing  eigenvectors.



2.  Correctness

7

• finitely  many  routing  points
  

• routing  points  are  nondegenerate
  

•     
•   
• C2  function

rg(x) = 0 ^ g(x) 6= 0

det(Hess g)(x) 6= 0
g(x) ! 0 as kxk ! •
g(x) � 0

Example:

Theorem:
Any  two  routing  points  in  the  same  connected  component
of                                
  
{g 6= 0} are  connected  by  steepest  ascent  paths

g =
f

2

�
x

2
1 + x

2
2 + 1

�deg( f )+1

Proof  Idea:  Morse  theory

Let  g  be  a  routing  function.

using  outgoing  eigenvectors.



3.  Termination

8



3.  Termination

8

Theorem:



3.  Termination

8

Theorem:

is  a  routing  function.

g =
f

2

�
(x1 � c1)2 + · · ·+ (x

n

� c

n

)2 + 1
�deg( f )+1

8 f 2 Q[x1, . . . , x

n

]

9 semialgebraic set S ⇢ Rn

8(c1, . . . , cn) 2 S
dim (Rn \ S) < n



3.  Termination

8

Theorem:

is  a  routing  function.

g =
f

2

�
(x1 � c1)2 + · · ·+ (x

n

� c

n

)2 + 1
�deg( f )+1

8 f 2 Q[x1, . . . , x

n

]

9 semialgebraic set S ⇢ Rn

8(c1, . . . , cn) 2 S
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